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mal disinfection

Thermal treatment under controlled conditions results in
almost complete destruction, or disinfection, of cell or bacterial
populations. Medical needs and public health concerns often
demand that such disinfection be as complete as possible. The
bacteria, particulate and mesoscopic in size, undergo complex
motion and behavior, and thus, they die off at irregular rates
during disinfection. Hence, in addition to the average death
rates of bacteria, the fluctuations around these average rates
must be known, especially in the final period, or tail end, of
disinfection where the number concentration of bacteria be-
comes exceedingly low, thereby magnifying the fluctuations.

It is natural and often desirable that various aspects of a
process involving mesoscopic, particulate entities undergoing
complex motion and behavior, such as the aforementioned
bacterial disinfection, be explored on the basis of the statistical
framework or a stochastic paradigm. Such aspects can range
from the analysis and modeling of the particulate entities
involved in the process to the optimization and control of the
process itself.'-¢ Unambiguous discourses have been given as
to the need of statistical or stochastic treatment of bacteria-
population dynamics in disinfection.”-8

This note is concerned with the stochastic analysis and
modeling of thermal disinfection of bacteria as a pure-death
process based on a nonlinear mechanistic rate law, that is, the
logistic law. Hitherto, the linear (that is, first-order) rate law
has been predominantly adopted for stochastically analyzing
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and modeling the thermal disinfection rate of bacteria.®-!3 Nev-
ertheless, the growth—positive or negative—of biological
populations, including microbial populations, has been increas-
ingly formulated according to nonlinear mechanistic rate
laws,'#18 such as the logistic law.'%-2° In this regard, Soboleva
and Pleasants?! incorporated the logistic law into the modeling
of the growth of a biological population. In their work, the
mean and variance of the process were computed numerically
from the Fokker—Plank equation under the assumption that the
random variable characterizing the process—the size or num-
ber density of a discrete biological population—is continuous.
The adoption of the logistic law has been proposed for mod-
eling the death rate of microorganisms in thermal disinfec-
tion?2; apparently, no attempt has been made to incorporate this
law into the stochastic formulation because of the computa-
tional complexity arising from its nonlinearity. Herein, this
complexity is circumvented by resorting to the system-size
expansion, a rational or logical approximation method, of the
master equation of the process.>2324 The numerical results are
compared with the available experimental data obtained with S.
aureus® as well as with those obtained with M. paratubercu-
losis.?®

Model Formulation

The system under consideration is the population of bacteria
that are being thermally deactivated. The population decreases
as a result of the death of bacteria, one at a time, which have
ceased to grow and do not reproduce, throughout the deacti-
vation. The system constitutes a special class of Markov pro-
cesses, the “pure-death ” process.>!3 The number of live bac-
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teria at time ¢, N(¢), is taken as the random variable of the
system or process; a realization of N(7) is denoted by n. All the
possible numbers of bacteria are the states of the process, and
the collection of these numbers, {n,, n, — 1,..., 2, 1, 0}, is
the state space, where n, is the initial number of bacteria, that
is,natt = 0.

Master equation

For the pure-death process, the probability balance around
state n leads to>?7

d
Epn(t) = Mn+1pn+l(t) - ’J’npn(t)

n=ngn,—1,...,2,1,0 (1)
which is the master equation of the process.!>2328 The term
p,(1) in this equation denotes the probability of n bacteria being
alive at time 7. Based on the logistic law,?? the intensity of death
1, in the above expression is

dn
Mo = == kn + kK'n(ng — n) = (k + k'no)n — k'n*>  (2)

where k and (k'n) are proportionality constants.

Mean and variance

In evaluating the mean and the variance about the mean of
the process by the aforementioned system-size expansion,>2°
the random variable N(7) is expressed as the sum of the mac-
roscopic term Qe(f) and the fluctuation term QY?Z(r). The
symbol () is the system’s size, which is n, in the current work.
Thus, the system-size expansion of the master equation, Eq. 1,
yields the macroscopic equation in terms of ¢(f) governing the

overall behavior of the process, and the equation in terms of
E(1) governing the fluctuations of the process around the mac-
roscopic values.? Integration of the macroscopic equation re-
sults in an explicit expression for ¢(f). This expression, in turn,
yields the mean of N(¢), E[N(t)] or m(t), of the disinfection
process as

k+ k'
(k + k'ng) } 3)

m(t) = ”O{k explk + K'no)t] + k'

The normalized, or dimensionless, form of the mean, m(7), is
obtained from this expression as

m(T) 3 1
"1+ afexp(n) — 1]

)

m(7) =

where 7 = [(k + k'ny)f] is dimensionless time and o = k/(k +
k'ny). Similarly, from the equation governing the fluctuations
the variance of N(f), Var[N(r)] or o*(r), of the disinfection
process is obtained as

_ k(k + k'ng)exp[(k + k'n)t]
= "0 Tk expl(k + K'no)t] + Kol
X {IPexp[2(k + k'ng)t] — (k'ng)* + (k + k'ng)
X [k'ng + k(2k'ngt — 1)]lexpl(k + k'ng)t]}  (5)

o’(1)

or in terms of « and T,

(1) = no{a exp(){l + afexp(t) — 11}7*(2a — 1 + exp(7)
X {1 = 2a[1 + (e — 1)7] + 2a%sinh(7)})}  (6)

The standard deviation o(7) is the square root of the variance
o?(7). Its normalized form, o (7), is

o(1) aexp(r)a — 1 + exp(T{l — 2a[1 + (a — 1)7]
+ 2a’sinh(7)})

o(r) = Tne =ny"H1 + aflexp(r) — 1]} X

Results and Discussion

The model formulated has been fitted to the experimental
data in the final period, or tail end, of the process in terms of
the temporal mean expressed in Eq. 3 for the thermal disinfec-
tion of S. aureus?> obtained at the temperatures of 325.15 K
(52°C), 327.15 K (54°C), and 329.15 K (56°C), and for the
thermal disinfection of M. paratuberculosis?° at the tempera-
ture of 336.65 K (63.5°C). The distinct final period, or tail end,
of thermal disinfection can be identified from the plots of the
experimental data at each temperature; the time at the very
outset of the final period is taken as zero. By resorting to the
Levenberg—Marquardt method,?® a gradient-based method, the
nonlinear regression of the data has been implemented by SAS
version 9.1 for Windows, resulting in the values of the two
adjustable parameters, k and (k'n,), both in the unit of inverse
time, that is, frequency. Because of the profound stochasticity
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and nonlinearity of the bacteria’s interactions in the final period
of disinfection, the parameters determined involve significant
uncertainty. With these values in hand, it is possible to compute
the dimensionless time T, that is, [(k + k'ng)r], the parameter «,
and the normalized mean m(7), from Eq. 4. For illustration, the
values of m(7) for S. aureus?> at 327.15 K (54°C) and those for
M. paratuberculosis®® at 336.65 K (63.5°C) are plotted in
Figure 1; the experimental data,?>2¢ given as the number of
bacteria at dimensionless time 7 relative to the initial number of
bacteria, that is, n/n, or n(7), are also superimposed in the
figure for comparison. Note that m(7) is in accord with the
experimental data’s decaying trend in both cases.

The standard deviation o signifies the deviations attributable
to the internal or characteristic noises of the process as pre-
dicted by the stochastic model. As evident from Eq. 7, the
expression for o(7) depends on the initial number of bacteria
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Figure 1. Normalized mean m(7) (—) in the final period of
thermal disinfection of S. aureus?s at 327.15 K
(54°C) and M. paratuberculosis2¢ at 336.65 K
(63.5°C).
The values of normalized standard deviation o (7) are plotted
about m(7) [that is, m(7) = o(7)], for n, values of 1000 (- - -),
100 (——-), and 10 (—+-). The experimentally measured
values of the number concentration of bacteria, n/n,, or n(T),

are superimposed for comparison: S. aureus (O); M. paratu-
berculosis ().

ng; thus, the values of o(7) have been computed according to
Eq. 7 for ny values of 10, 100, and 1000 for S. aureus® at
327.15 K (54°C) as well as for M. paratuberculosis?® at 336.65
K (63.5°C). These values are plotted around m(7) [that is,
m(71) = o(7)] in Figure 1. Note that in this figure, the devia-
tions, or fluctuations, of the experimental data are substantially
more pronounced than those predicted by the model; this is
almost always the case: The overall deviations of the experi-
mental data include those attributable not only to the internal
noises of the process, as predicted by the model, but also to the
external noises arising from inevitable measurement errors and
instrumental deficiencies that can never be totally eliminated.

It is worth noting that when the value of (k'n,) is negligible
compared with that of k, the expression for the mean, m(?), in
Eq. 3, and that for the variance, (1), in Eq. 5, reduce to the
corresponding expressions for the linear model of thermal
disinfection, m(f) = npexp(—kt) and o*(f) = noexp(—kH[1 —
exp(—kt)], respectively.?10-13

Naturally, k as well as (k + k'ng) in Eq. 5 have the conno-
tation of kinetic constants, thus obeying the Arrhenius law. For
thermal disinfection of S. aureus,?> however, these kinetic
constants obey the Arrhenius law only approximately, which is
attributable to the severe stochasticity and nonlinearity of the
experimental data>> in the final period of disinfection. The
activation energy calculated on the basis of k is 247.7 kJ mol ',
and that calculated on the basis of (k + k'n) is 284.3 kJ mol ™~ L
The small difference between these two values implies that the
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effect of (k'ny) is relatively feeble on the rate of thermal
disinfection at the tail end. For comparison, a value of 224.0 kJ
mol ' was reported for the activation energy of thermal disin-
fection of S. aureus in milk.3!

Conclusions

A stochastic model for the thermal disinfection rate of bac-
teria as a pure-death process has been derived based on a
nonlinear mechanistic rate law, specifically, the logistic law.
The complexity in solving the resultant master—that is, gov-
erning—equation of the process has been circumvented by
resorting to a rational approximation method, system-size ex-
pansion. The mean and variance of the number concentrations
of bacteria, S. aureus and M. paratuberculosis, at the final
period, or tail end, of thermal disinfection have been computed
from the master equation. The mean value of the model is in
accord with the available experimental data. As expected,
fluctuations of the data around their mean are large when
compared with those predicted by the model. Moreover, it has
been observed that the model’s kinetic constants for S. aureus
approximately obey the Arrhenius law.
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